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A new parametrization for dark energy density and future deceleration
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In this work, we have proposed a general dark energy density parametrization to study the evo-
lution of the universe. We have also constrained the model parameters using the combination of
Type Ia supernova (SNIa), baryonic acoustic oscillations (BAO), cosmic microwave background ra-
diation (CMB) and observational H(z) datasets. For the H(z) dataset, we have used the direct
observations of the Hubble rate, from the radial BAO size and the cosmic chronometer methods.
Our result indicates that the SNIa+H(z)+BAO/CMB dataset does not favour the ΛCDM model at
more than 2σ confidence level. Furthermore, we have also measured the percentage deviation in the
evolution of the normalized Hubble parameter for the present model compared to a ΛCDM model,
and the corresponding deviation is found to be 4− 5% at low redshifts (z ∼ 0.5). Finally, we have
also investigated whether the deceleration parameter q may have more than one transition during
the evolution of the universe. The present model shows a transient accelerating phase, in which the
universe was decelerated in the past and is presently accelerating, but will return to a decelerating
phase in the near future. This result is in great contrast to the ΛCDM scenario, which predicts that
the cosmic acceleration must remain forever.
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I. INTRODUCTION
Various independent cosmic observations [1–10] have
strongly confirmed that the present universe experiences
an accelerated expansion. The exotic matter content
responsible for such a certain phase of evolution of the
universe is popularly referred to as “dark energy”. Many
dark energy models were proposed in the literatures,
for a recent review, one can look into Refs. [11–14]. In
the context of dark energy, the Einstein cosmological
constant Λ is the simplest way to explain the observed
expansion measurements. The so-called concordance
ΛCDM (wΛ = −1) model is the model that best
agrees with cosmological data [5]. Despite a very good
agreement with data, the ΛCDM model can not escape
from the cosmological coincidence and the fine tuning
problems [15, 16] and is still a challenging problem in
cosmology.
Going beyond the cosmological constant where the
dark energy density is constant throughout the evolution
of the universe, there are several approaches to model
the dark energy evolution [12]. One best way is to
construct parametrizations of the dark energy equation
of state parameter [17–20] or the dark energy density
[21–24] as a function of scale factor or redshift, and then
confront such parametrizations to the cosmological data.
However, such models are more consistent with the
present observational constraints for some restrictions
on model parameters and search is still on for finding
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a suitable cosmologically viable model of dark energy.
Recently, Zhao et al. [25] reported that the dynamical
dark energy is preferred over the cosmological constant
model from recent observations at the 3.5σ confidence
level, although the Bayesian evidence for the dynamical
dark energy is insufficient to favour it over constant dark
energy. This clearly motivates theoreticians to put fur-
ther constraint on dark energy behaviour. In the present
work, we have proposed a spatially flat FRW universe
where the dark energy and the cold dark matter evolve
independently. Specifically, we have considered a general
dark energy density parametrization which varies with
the cosmic evolution. The nature of this parametrization
is characterized by dimensionless real parameters α and
n. For different choices of α and n, one can recover
other popular dark energy density parametrizations (see
section II). In this paper, we have used the recent cosmic
chronometers dataset along with the estimation of the
local Hubble parameter value as well as the standard
dark energy probes, namely the SNIa, BAO and CMB
measurements to study the different properties of this
model extensively. Under this scenario, we also made
an attempt to explain not only the present accelerated
expansion phase but also the past decelerated phase of
the universe and further made a prediction about the
future evolution of the universe. Our analysis shows the
evolution of the universe from an early decelerated to the
late-time accelerated phase and it also predicts future
decelerating phase. In addition, the present study also
indicates that the ΛCDM model is not compatible at 2σ
confidence level for the SNIa+H(z)+BAO/CMB dataset.
The paper is organized as follows. In the next section,
we have discussed the present cosmological model. In
Section III, we have described the observational dataset
and analysis methodology, while in section IV we have
presented the results of this analysis. Finally, the sum-
2mary of the work is presented in section V.
II. COSMOLOGICAL MODEL
In this section, we have provided the basic equations of
a general cosmological scenario. Throughout the work,
we have considered the spatially flat FRW space-time of
the form
ds2 = dt2 − a2(t)[dr2 + r2(dθ2 + sin2θdφ2)] (1)
where, a(t) is the scale factor of the universe, which is set
to 1 at the present epoch for simplicity and t is the cosmic
time. For a spatially flat FRW universe, the Einstein field
equations can be written as,
3H2 = ρDM + ρDE (2)
2H˙ + 3H2 = −pDE (3)
where H = a˙a is the Hubble function and an dot implies
differentiation with respect to the cosmic time t. In the
above equation, ρDM represents the energy density of
the dust matter while ρDE and pDE represent the energy
density and pressure of the dark energy component
respectively. It is noteworthy that we have chosen the
natural units (8piG = c = 1) throughout this paper.
One can now write the conservation equation of the
dark energy sector and the one of the matter sector as
ρ˙DE + 3H(pDE + ρDE) = 0 (4)
ρ˙DM + 3HρDM = 0 (5)
Solving the above equation, we have found the evolution
of ρDM as
ρDM (z) = ρDM0(1 + z)
3 (6)
where ρDM0 denotes the present matter energy density
and z = 1a − 1 is the redshift parameter.
In the present work, we have proposed a simple dark
energy density parametrization that exhibits dynamical
behaviour with the evolution of the universe. Our pri-
mary goal is to investigate this model with current cos-
mological data. To examine the nature of dark energy,
we have proposed the following functional form for the
evolution of ρDE(z) given by
ρDE(z) = ρDE0
[
1 + α
( z
1 + z
)n]
, n = 2 (7)
where ρDE0 and α denote the present dark energy den-
sity and free parameter of the model respectively. One
important advantage of this choice (as given in equation
(7)) is that it reduces to the flat ΛCDM (ρDE = ρDE0 =
constant) model for α = 0. So, the free parameter α
is a good indicator of deviation of the present dark
energy model from the ΛCDM model. Note that the
above form of ρDE(z) is similar to the parametrization
of ρDE(z) = ρDE0
[
1 + α
(
z
1+z
)]
[23], if we put n = 1 in
equation (7). Hence, the new parametrization of ρDE(z)
reduces to other cosmological models for some specific
choices of n and α, and also shows a bounded behaviour
in the redshift range, −1 < z < ∞. Of course, n may
assume any real value, but we have found that for n = 2,
the expression of the dark energy density proposed here
gives interesting consequences, as discussed in section
IV. So, in the present work, we have confined our
investigation to n = 2 only.
With the help of equations (2), (6) and (7), the expres-
sion for the Hubble parameter for this model is obtained
as
H(z) = H0
[
ΩDM0(1 + z)
3 +ΩDE0
(
1 + α
( z
1 + z
)2)] 12
(8)
which is equivalent to the ΛCDM model for α = 0. In the
above equation, H0, ΩDM0 =
ρDM0
3H2
0
, and ΩDE0 =
ρDE0
3H2
0
denote the present values of H(z), ΩDM (z) and ΩDE(z)
respectively. In particular, we have considered that the
universe consists of dark matter and dark energy, and
therefore the total density parameter of the universe is
ΩDM0 +ΩDE0 = 1.
For this choice of ρDE(z), the deceleration parameter
q evolves as
q = −
a¨
aH2
= −1 +
(1 + z)
H(z)
dH(z)
dz
= −1 +
2αΩDE0
z
(1+z)2 + 3ΩDM0(1 + z)
3
2
[
ΩDM0(1 + z)3 +ΩDE0
(
1 + α
(
z
1+z
)2)] (9)
For the present model, the dark energy equation of state
(EoS) parameter becomes
wDE(z) =
pDE
ρDE
=
(1 + z)dH
2(z)
dz − 3H
2(z)
3H2(z)− ρDM (z)
= −1 +
2αz
3(1 + z)2
(
1 + α
(
z
1+z
)2) (10)
which is independent of the present matter density
parameter ΩDM0. Another interesting point regarding
the above expression of wDE(z) is that for α = 0, this
behaves exactly like the standard ΛCDM (wΛ = −1)
model. So, the estimated value of α will indicate whether
a cosmological constant or a time evolving dark energy
is preferred by cosmological observations.
In the next section, we shall try to extract the values
of the model parameters using the latest cosmological
dataset.
3III. OBSERVATIONAL DATA AND FITTING
METHOD
In this section, we have explained the datasets and
their analysis method employed to constrain the pro-
posed theoretical model. We have used datasets from
the following probes:
• H(z) data: We have used observational H(z)
dataset consisting 41 data points, to probe the nature
of dark energy. Among them, 36 data points (10 data
points are deduced from the radial BAO size method and
26 data points are obtained from the galaxy differential
age method) are compiled by Meng et al. [26] and 5 new
data points of H(z) are obtained from the differential age
method by Moresco et al. [27]. For the H(z) dataset,
the χ2 is defined as
χ2h(θ) =
41∑
i=1
[hobs(zi)− h
th(zi, θ)]
2
σ2h(zi)
, h =
H(z)
H0
(11)
where, θ is any model parameter, the superscript “th”
refers to theoretical quantities and superscript “obs” is
for the corresponding observational ones. Also, the un-
certainty for normalized H(z) is given by [28, 29]
σh =
√(H2
H40
)
σ2H0 +
σ2H
H20
= h
√
σ2H0
H20
+
σ2H
H2
(12)
where σH0 and σH are the uncertainties in H0 and H
respectively. In addition, the present value of H(z) is
taken from Ref. [30].
• SNIa data: Next, we have incorporated the
Union2.1 compilation [31] dataset of total 580 data
points with redshift ranging from 0.015 to 1.414. This
observations directly measure the distance modulus of a
supernova and its redshift. The relevant χ2 for the SNIa
dataset is defined as [32]
χ2SN(θ) = A(θ) −
B2(θ)
C(θ)
(13)
where A(θ), B(θ) and C(θ) are given by
A(θ) =
580∑
i=1
[µobs(zi)− µ
th(zi, θ)]
2
σ2µ(zi)
(14)
B(θ) =
580∑
i=1
[µobs(zi)− µ
th(zi, θ)]
σ2µ(zi)
(15)
and
C(θ) =
580∑
i=1
1
σ2µ(zi)
(16)
• BAO/CMB data: We have also used BAO and
CMB measurements data to obtain the BAO/CMB con-
straints on the model parameters. For BAO data, the re-
sults from the 6dFGS Survey measurement at z = 0.106
[33], the WiggleZ Dark Energy Survey measurement at
z = 0.44, 0.6 and 0.73 [34], the SDSS DR7 Survey mea-
surement at z = 0.35 [35] and BOSS CMASS Survey
measurement at z = 0.57 [36] have been used. In addi-
tion, we have also used the CMB data derived from the
Planck 2015 observations [5] for the combined analysis
TT, TE, EE+lowP+lensing. In this case, the χ2 func-
tion is defined as
χ2BAO/CMB = X
TC−1X (17)
where, X and C−1 are the transformation matrix and
the inverse covariance matrix, respectively [37]. For this
dataset, the details of the methodology for obtaining the
constraints on model parameters are described in Refs.
[37, 38].
One can now use the maximum likelihood method and
take the total likelihood function as
L = e−
χ2
i
2 (18)
where, χ2i = χ
2
h + χ
2
SN + χ
2
BAO/CMB . The advantage
of considering the combined (SNIa+H(z)+BAO/CMB)
dataset is that they compose an independent dataset,
which can help to break the degeneracies between the
parameters. Therefore, the combined dataset might also
shed light on the cosmological models we aim to inves-
tigate. The best-fit corresponds to the model parame-
ters for which the χ2 (likelihood function) is minimized
(maximized). In this analysis, have minimized the χ2
function (say, χ2m) with respect to the model parameters
{ΩDM0, α} to obtain their best fit values.
IV. RESULTS
In this section, we have discussed the results ob-
tained from the χ2 analysis method using the SNIa,
H(z), BAO and CMB datasets. The 1σ and 2σ con-
fidence level contours in ΩDM0 − α plane is shown in
figure 1. The best-fit values for the model parame-
ters are obtained as ΩDM0 = 0.255 and α = −1.883
(with χ2m = 29.04) for the H(z) dataset. On the other
hand, for the SNIa+H(z)+BAO/CMB dataset, the cor-
responding best-fit values are obtained as ΩDM0 = 0.283
and α = −1.76 (with χ2m = 610.58). It should be noted
that the best-fit value of ΩDM0 obtained in this work is
slightly smaller than the value obtained by the Planck
observation [6]. We have also found from figure 1 that
the addition of SNIa and BAO/CMB datasets lead to
substantially tighter constraints on the model parame-
ters for this model. It has been found that for the best
fit model, the dark energy density ρDE(z), as given in
equation (7), becomes negative at z & 2.8 and z & 3.1
for the H(z) and SNIa+H(z)+BAO/CMB datasets re-
spectively. The origin of this discrepancy may come from
the the choice of ρDE(z) as well as datasets considered
4here. However, the situation will be completely different
for other choices of α. For example, ρDE(z) becomes fi-
nite and positive for α > −1. Therefore, this limitation
on α is marginally constrained by the datasets analyzed
here (see figure 1).
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FIG. 1: Plot of 1σ (cyan) and 2σ (gray) confidence contours
on ΩDM0−α parameter space by considering theH(z) (upper
panel) and SNIa+H(z)+BAO/CMB (lower panel) datasets.
In each panel, the black dot represents the best-fit values of
(ΩDM0, α) and the horizontal dashed line corresponds to the
ΛCDM case (ρΛ =constant for α = 0).
As discussed earlier, the model parameters α is a good
indicator of deviation of our model from cosmological
constant as for α = 0, the model behaves like the ΛCDM
model. It is observed from figure 1 that the ΛCDM
model is ruled out at more than 2σ confidence level by
the combined (SNIa+H(z)+BAO/CMB) dataset, but
it is still in agreement with the H(z) dataset at the 2σ
confidence level. Figure 2 shows the evolution of the
deceleration parameter q for the best-fit values of ΩDE0
and α arising from the analysis of the H(z) (black curve)
and SNIa+H(z)+BAO/CMB (red curve) datasets. It
is seen from figure 2 that the universe was decelerated
(q > 0) in the past, began to accelerate at z ∼ 0.84 (for
H(z) data) and z ∼ 0.77 (for SNIa+H(z)+BAO/CMB
data), is presently accelerated (q < 0) but will return to
a decelerating phase in the near future. This results are
consistent with the results obtained by several authors
from different cosmological scenarios [39–42].
In the upper panel of figure 3, we have shown the
best-fit evolution of the dark energy EoS parameter
wDE as a function of z for different datasets. It has been
found that for each dataset, wDE(z) resembles a ΛCDM
(wΛ = −1) model at the present epoch (i.e., z = 0), but,
finally, will become positive in the near future. This
result is also consistent with the recent works as given
in Refs. [43–45], where authors have shown that the
cosmic acceleration is currently witnessing its slowing
down by using a distinct method. For the sake of com-
pleteness, in the lower panel of figure 3, we have plotted
the percentage deviation △h for the above model as
compared to a ΛCDM model, and the corresponding de-
viation is observed to be 4−5% at low redshifts (z ∼ 0.5).
Therefore, the overall dynamic behaviour of our
model supports the claims of Valentino et al. [46], Sahni
et al. [47] and Ding et al. [48] that the ΛCDM model
may not be the best description of our universe and
also seems to be in agreement with the requirements of
String theory [49–51].
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FIG. 2: The best-fit evolution of the deceleration parameter
q is shown for the present model given by equation (9). The
black curve is for the H(z) dataset while the red one is for
the SNIa+H(z)+BAO/CMB dataset.
V. CONCLUSIONS
In this work, we have studied the dynamics of ac-
celerating scenario of the universe by considering one
specific parameterization of the dark energy density ρDE
and from this we have obtained analytical solutions for
different cosmological parameters. As we have men-
tioned before, the new parametrization of ρDE , given
by equation (7), reduces to other popular dark energy
models for different choices of α and n. Of course, n may
assume any real value, but we have found that for n = 2,
the expression of the dark energy density proposed in
equation (7) gives interesting consequences. So, in the
present work, we have confined our investigation to
n = 2 only. We have used the recent Hubble parameter
dataset along with the estimation of the local Hubble
parameter value as well as the standard dark energy
probes, such as the SNIa, BAO and CMB measurements
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FIG. 3: Upper panel shows the best-fit evolution of wDE(z)
for the present model. The horizontal dashed line indicates
the ΛCDM (wΛ = −1) case and is shown here for the sake
of comparison. Lower panel shows the percentage devia-
tion, △h(%) = h(z)−hΛCDM (z)
hΛCDM (z)
× 100. In each panel, the
black and red curves represent the result from the H(z) and
SNIa+H(z)+BAO/CMB datasets respectively.
to constrain different parameters of our model. It has
been found that we need α > −1 to ensure the finite
and positive value of ρDE , and the model seems to be
marginally consistent with the observational datasets
analyzed here.
In summary, our analysis predicts a transient accelerat-
ing phase, in which the universe was decelerated (q > 0)
in the past, began to accelerate at redshift z < 1, is
presently accelerated (q < 0), but will return to a decel-
erating phase in the near future. This overall dynamic
behaviour is much different from the standard ΛCDM
scenario. Hence, the present model supports the claims
of several authors [46–48] that the ΛCDM model may not
be the best description of our universe. Therefore, this
specific dark energy model, with a transient accelerating
phase and α 6= 0, can be considered as an alternative for
the ΛCDM model.
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